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Ionization injection in a laser-plasma accelerator is studied analytically and by multi-dimensional

particle-in-cell (PIC) simulations. To enable the production of low energy spread beams, we consider

a short region containing a high atomic number gas (e.g., nitrogen) for ionization-induced trapping,

followed by a longer region using a low atomic number gas (e.g., hydrogen), that is, free of

additional trapping, for post acceleration. For a broad laser pulse, ionization injection requires a

minimum normalized laser field of a0 ’ 1:7, assuming a resonant Gaussian laser pulse. Effects of

gas mix parameters, including species, concentration, and length of the mixture region, on the final

electron injection number and beam quality are studied. The minimum energy spread is determined

by the spread in initial ionized phases of the electrons in the wakefield due to the tunneling ionization

process within the laser pulse. Laser polarization and intensity effects on injection number and final

electron emittance are examined. Two-dimensional PIC simulations are used to study the ionization

injection process and the transverse beam structure. With proper laser-plasma parameters,

mono-energetic electron beams with 10 pC charge, a central energy at GeV level, and energy spread

less than 1% can be produced in a mixed gas with ionized electron density of 1018 cm�3. Lower

density can give a higher final accelerated beam energy and reduce the final relative energy spread

even further. VC 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.3689922]

I. INTRODUCTION

Laser-plasma accelerators1 are of great interest because

of their ability to sustain extremely large acceleration gra-

dients, enabling compact accelerating structures. Laser-

plasma acceleration is realized by using a high-intensity laser

to ponderomotively drive a large plasma wave (or wakefield)

in an underdense plasma. The plasma wave has relativistic

phase velocity and can support large electric fields in the

direction of propagation of the laser. When the laser pulse is

near resonant (laser duration on the order of the plasma

period) and the laser intensity is relativistic, with normalized

laser vector potential a ¼ eA=mec2 � 1, the size of the accel-

erating field is on the order of E0 ¼ cmexp=e or

E0ðV=mÞ ’ 96
ffiffiffiffiffi
n0
p ðcm�3Þ, where xp ¼ ð4pn0e2=meÞ1=2

is

the electron plasma frequency, n0 is the ambient electron

number density, me and e are the electron rest mass and

charge, respectively, and c is the speed of light in vacuum. In

addition to extremely large accelerating gradients, plasma-

based accelerators have the potential to produce extremely

short electron bunches, a fraction of the plasma wavelength

kp ¼ 2pc=xp ¼ 2p=kp. Therefore, laser-plasma accelerators

are actively being investigated as ultra-compact sources of

high-brightness beams for the next generation of light sour-

ces2,3 and linear colliders.4

High-quality electron beams up to 1 GeV have been

experimentally demonstrated in cm-scale plasma channels.5,6

In these channel-guided experiments, the electron beam was

created by trapping (self-injection) of background plasma

electrons in the plasma wave. Both the quality and stability

of the laser-plasma accelerated electron beams can be

improved by using triggered injection methods to control the

amount of trapped charge and the initial phase-space

characteristics. Both laser-triggered methods7–10 and plasma

density tailoring11–13 have been proposed for controlled

injection. Triggered injection into accelerating plasma

waves via colliding laser pulses has been demonstrated

experimentally.14–16 Production of electron beams via

plasma wave excitation on a negative density gradient has

also been achieved.17–21

Injection of background plasma electrons may also be

achieved via laser ionization.22–26 Injection of electrons is

achieved by ionizing deeply bound electrons from a high

atomic number (Z) gas at a proper phase inside the laser-

driven wakefield, allowing them to be trapped in the

wakefield. Chen et al.,23 previously analyzed a method for

ionization injection by using of two orthogonally directed

laser pulses and a gaseous medium with a moderate or high

atomic number (e.g., neon). A pump laser pulse ionizes the

medium to its mid-charge states to form underdense plasma

and, subsequently, excites a large amplitude plasma wave.

Another ultrashort laser pulse with higher intensity is then

injected transversely, which further ionizes the medium to

high-charge states producing unbound electrons. The newly

ionized electrons can be trapped in the plasma wave and

accelerated to high energies.

Ionization induced trapping has been realized experi-

mentally using a single laser pulse by ionizing electrons in

the wakefield near the peak of the laser field.24–26 However,

the final electron energy spread was quite large in these

experiments. This is the case since these experiments used a

single mixed gas that resulted in continuous injection over

the laser-plasma interaction region and, hence, resulted in a

large beam energy spread.a)Electronic mail: EHEsarey@lbl.gov.

1070-664X/2012/19(3)/033101/12/$30.00 VC 2012 American Institute of Physics19, 033101-1

PHYSICS OF PLASMAS 19, 033101 (2012)

http://dx.doi.org/10.1063/1.3689922
http://dx.doi.org/10.1063/1.3689922


In this paper, we examine the physics of ionization

injection produced by a single, intense (>1018 W/cm2) laser

pulse propagating through a gas mixture consisting primarily

of a low Z gas (e.g., 99% hydrogen) with a small amount of

high Z gas (e.g., 1% nitrogen). The leading edge of the laser

pulse will fully ionize the hydrogen (which becomes ionized

near 2� 1014 W/cm2), and the hydrogen density and laser

pulse duration are chosen to be nearly resonant such that a

large amplitude wakefield (plasma wave) is generated. This

wakefield has a velocity near the speed of light and is capa-

ble of accelerating electrons that are injected at the proper

phase to high energies. The electron orbits in phase space

(momentum versus longitudinal phase z – ct) are separated

into two distinct regions, namely, trapped and untrapped

orbits, by a critical orbit known as the separatrix.27 Electrons

from the ionized hydrogen lie essentially on the cold fluid

orbit, i.e., untrapped orbits that constitute the plasma wave

oscillation. However, electrons that are ionized near the peak

of the laser pulse can be born (i.e., injected essentially at

rest) at the proper phase such that they reside above the

wake separatrix and, therefore, are trapped and accelerated.

This is the case for inner shell electrons of a high Z atom,

which have an ionization potential that corresponds to the

peak intensity of the laser pulse. This is illustrated schemati-

cally in Fig. 1. In the following, we analyze this process,

including determination of the appropriate high Z gas and

calculation of the threshold laser intensity required for ioni-

zation injection.

In addition, we examine the use of a “two-stage” gas

structure to control the injection process. The “two-stage”

gas structure consists of an initially short section of a low

concentration of high-Z gas (for injection into the plasma

wave) followed by a long section of pure low-Z gas for post-

acceleration without additional trapping or dark current (see

Fig. 2). Following a short ionization injection section by a

long acceleration section allows for the generating of elec-

tron bunches with low energy spread. The effects of gas

composition, concentration, and length of the high Z gas

region on the number of injected (i.e., trapped) electrons and

on the final electron beam quality are studied. Laser pulse

shape, polarization, and intensity effects on the final beam

emittance are also studied. With proper injection parameters,

mono-energetic electron beams, with 10 pC charge, can be

generated in a mixed gas with ionized electron density of

1018 cm�3.

This paper is organized as follows. Section II presents a

Hamiltonian analysis of the electron dynamics and the

ionization-induced trapping condition is derived. Section III

discusses the selection of the high-Z gas for ionization trap-

ping. Section IV presents one- and two-dimensional parti-

cle-in-cell (PIC) simulations of the ionization injection.

Asymmetric laser pulse profiles are considered in Sec. IV C

to improve the quality of the trapped electron beam. The

effect of laser polarization is discussed in Sec. IV E. Conclu-

sions are offered in Sec. V.

II. ELECTRON DYNAMICS AND TRAPPING PHYSICS

In this section, we discuss the dynamics of electrons ion-

ized in the plasma wave. We assume tunneling photonioniza-

tion (see Appendix A) for the production of free electrons by

the laser field, and the electrons are assumed to be ionized at

rest. In the injection region, we consider a small concentra-

tion of high-Z gas mixed with pure H. For simplicity, since

we are considering a small concentration of high-Z gas, we

will neglect the modification of the wakefield due to the ioni-

zation process. This effect is considered in Appendix B.

The dynamics of a single test electron in a nonlinear

plasma wave is determined by the potential of the plasma

wave. In one-dimension, the electron motion in the plasma

wave is described by the Hamiltonian27 Hðc;wÞ ¼
c� cbbp � /ðwÞ or

Hðu;wÞ ¼ ðc2
? þ u2Þ1=2 � bpu� /ðwÞ; (1)

where c ¼ ðc2
? þ u2Þ1=2

is the Lorentz factor of the electron,

b is the longitudinal velocity normalized to c, u ¼ cb is the

normalized longitudinal momentum, bp ’ 1� x2
p=2x2

0 is the

normalized phase velocity of the plasma wave, w ¼ kpn ¼
kpðx� bptÞ is the plasma wave phase with

k2
p ¼ 4pe2n0=mec2, and / ¼ eU=mec2 is the electrostatic

potential of the plasma wave normalized to the electronic

rest energy. Here, c? ¼ ð1þ u2
?Þ

1=2
is the transverse Lorentz

factor and u? is the normalized transverse momentum of the

electron.

FIG. 1. (Color online) Typical laser plasma accelerator structure and injec-

tion scheme. The light black line shows a laser electric field distribution

along its propagation direction. The thick red/gray line shows the electric

field of the wake. The thin blue/dark gray line shows the momentum distri-

bution of the background electron fluid. The thin green/gray line shows the

trapping momentum threshold of the electrons in the wakefield. The thick

black line shows the momentum gap between the trapping threshold and the

background electron’s momentum. Here, a0 ¼ 1:5;LFWHM ¼ 0:353kp

(where kp is the plasma wavelength), and ne ¼ 0:001nc.

FIG. 2. (Color online) Schematic profile of the gas density distribution. The

density of the pre-ionized electrons (ne) and the neutral nitrogen atomic

density (nN) satisfy neðxÞ þ 5nNðxÞ ¼ constant. So the total density of the

pre-ionized electrons and the electrons from ionization up to the 5th level of

the nitrogen is uniform (0:001nc).
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Along an electron orbit H¼ constant, the particle mo-

mentum as a function of the Hamiltonian is

u ¼ bpc
2
pðH þ /Þ6cp½c2

pðH þ /Þ2 � c2
?�

1=2: (2)

The separatrix orbit defining trapped and untrapped orbits is

given by Hðcs;wÞ ¼ Hðcp;wminÞ, where /ðwminÞ ¼ /min,

i.e.,

Hs ¼ c?ðwminÞ=cp � /min: (3)

An electron will be in a trapped orbit provided H � Hs. For

an electron initially at rest before the laser, H¼ 1. For an ini-

tially warm plasma, H ¼ Ht ’ 1� bput, where ut � 1 is the

initial (non-relativistic) thermal momentum. For example, for

a thermal plasma28 behind the drive laser, trapping occurs for

1� bput ’ Ht � Hs ¼ c�1
p �/min or /min ��1þ c�1

p þ bput.

For an electron ionized inside the laser pulse in the 1D

limit, the transverse canonical momentum is conserved @w

(u\-a\)¼0. For an electron ionized at a wake phase wi,

u?ðwÞ ¼ a?ðwÞ � a?ðwiÞ; (4)

where we have assumed that the electron is born at rest, i.e.,

u?ðwiÞ ¼ 0. Note that if the electron is ionized at the peak of

the laser electric field, then a?ðwiÞ ¼ 0. However, some

electrons will be ionized off-peak with finite a?ðwiÞ. The

Hamiltonian of the ionized electron is

Hi ¼ c?ðwiÞ � /ðwiÞ ¼ 1� /ðwiÞ: (5)

For the ionized electron to be trapped requires

Hi ¼ 1� /ðwiÞ � Hs ¼ c?ðwminÞ=cp � /min: (6)

Once the ionized electron leaves the laser field,

c? ¼ ð1þ u2
?Þ

1=2 ¼ ð1þ a2
?ðwiÞÞ

1=2
. Therefore, the condi-

tion on the initial ionization phase for trapping is

1þ /min � /ðwiÞ � ð1þ a2
?ðwiÞÞ

1=2=cp; (7)

which assumes that the electron becomes trapped behind the

laser pulse, i.e., a?ðwminÞ ¼ 0. This trapping condition

includes the effect of the residual transverse momentum that

results from the electron being born inside the laser pulse,

i.e., c? ¼ ð1þ a2
?ðwiÞÞ

1=2
. This is equivalent to the condition

given in Ref. 25.

The above trapping condition relates the phase at which

the electron was ionized wi to the minimum potential /min of

the wakefield excited behind the laser pulse. The minimum

potential /min can be related to the maximum electric field of

the wake Emax and the laser pulse amplitude a0 by considering

the cold plasma fluid response. Neglecting the small modifica-

tion to the wakefield owing to the production of additional

plasma in the laser pulse via ionization (cf. Appendix B), the

quasi-static laser-driven plasma wave equation is

@2/

@w2
¼ c2

p bp 1�
c2
?f

c2
pð1þ /Þ2

" #�1=2

� 1

8<
:

9=
;; (8)

where c?f ¼ ð1þ a2
?Þ

1=2
is the transverse Lorentz factor of

the plasma fluid and a2 ¼ 3:6� 10�19ðk½lm�Þ2I0½W=cm2�,
assuming circular polarization, where k is the laser wave-

length and I the laser intensity.

Behind the laser, the electrostatic potential oscillates

between /min � / � /max, and the axial electric field oscil-

lates between �Emax � E � Emax. The values /min and /max,

denoted by /m, are

/m ¼ Ê
2

max=26bp½ð1þ Ê
2

max=2Þ2 � 1�1=2; (9)

where Êmax ¼ Emax=E0 and the 6 give /max and /min,

respectively. In the linear regime Êmax � 1;/m ¼ 6bpÊmax.

In the nonlinear regime Êmax � 1,

/min ’ �1þ 1

2c2
p

 !
ð1� Ê

�2

maxÞ þ
Ê

2

max

4c2
p

; (10)

and, in the limit cp � 1;/min ’ �1þ Ê
�2

max. Hence, in the

limits cp � 1 and E2
max � 1, the condition reduces to

/ðwiÞ 	 1=Ê
2

max: (11)

As an example, consider a weakly relativistic (a2
0 < 1), line-

arly polarized, resonant sine-pulse laser with peak amplitude

a0. Within (�2p � w � 0) the laser pulse,

/ ¼ ða2
0=8Þ½1� cosðwÞ � ðw=2ÞsinðwÞ�; (12)

and behind (w � �2p) the laser pulse, /min ¼ �pa2
0=8. The

potential at the peak of the laser is /ðw ¼ �pÞ ¼ a2
0=4.

Therefore, the minimum laser intensity for trapping is given

by

1� c�1
p � /ðwiÞ � /min � ðp=8þ 1=4Þa2

0 ’ 0:64a2
0: (13)

For typical laser wakefield acceleration, where cp > 10, the

above inequality cannot be satisfied for a2
0 < 1. This indi-

cates that the laser intensity must be relativistic (a2
0 > 1) for

ionization-induced trapping, which requires a fully nonlinear

analysis.

In general, the trapping condition Eq. (6) can be eval-

uated for any excited plasma wave by solving the wake equa-

tion (8) for an arbitrary laser profile. Figure 3(a) shows the

peak laser amplitude a0 required for trapping versus the

phase where the electron was ionized wi. Figure 3(a)

assumes excitation by a resonant (with rms intensity length

kpLrms ¼ 1) Gaussian laser pulse with intensity profile a ¼
a0exp½�w2=4ðkpLrmsÞ2� and cp ¼ 33. Electrons are assumed

ionized at a phase peak of the electric field such that

aðwiÞ ¼ 0. For electrons to be trapped at or in front of the

peak of the laser envelope (at wi 	 0), the intensity must be

a0 	 1:7. Note that any trapping behind the peak of the laser

pulse (wi < 0) will be minimal, since the ionization rate is

maximum at the maximum laser intensity; hence, the major-

ity of ionization will occur at or before the peak of the laser

pulse. Figure 3(b) shows the threshold laser intensity

required to trap the ionized electrons at the peak of the

laser envelope (w ¼ 0) versus laser pulse length kpLrms.
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Figure 3(b) indicates that one may use laser pulses longer

than that for optimal wake excitation to move the peak of the

laser field to a more advantageous wake phase for trapping.

This also indicates that using skewed laser pulses may be

preferred, as discussed in Sec. IV C.

III. HIGH-Z GAS SELECTION

The analysis in Sec. II demonstrates that electrons ion-

ized sufficiently behind the head (e.g., near the peak) of the

laser can be trapped for a sufficiently large plasma wave. For

ionization injection, the large atomic potentials associated

with inner shell electrons of high Z atoms enable some elec-

trons to remain bound until the atom reaches a position near

the peak of the laser field. Hence, when selecting an appro-

priate gas, the atomic potential for an inner shell electron

should be high enough to bind the electron until reaching the

proper phase for trapping, but not too high, such that the ion-

ization rate is too low. Nitrogen is a good candidate for

ionization-triggered injection from both theoretical and ex-

perimental considerations, since it is readily obtainable and

has a large gap between the potential for the N5þ electron

(97.9 eV) and the N6þ electron (552 eV). Consider a 0.8 lm

wavelength laser operating at a normalized intensity of the

order of a0 � 2, i.e., a peak laser field of EL0 � 8 TV/m.

From Appendix A, we see from the argument of the expo-

nential function in Eq. (A1) that the ionization rate becomes

significant for a peak laser field EL0 � Eion, where

Eion ¼ ð2=3ÞEAðUion=UHÞ3=2
, with EA ¼ 5:1 GV/cm, UH ¼

13:6 eV the ionization potential of hydrogen, and Uion the

ionization potential for given inner shell electron. For the

N6þ electron, Uion ¼ 552 eV and Eion � 0:879 TV/m; hence,

a laser pulse with a0 ¼ 2 should be sufficient to readily ion-

ize this state.

The precise amounts of ionization are given in Fig. 4,

which shows the percentage of Nitrogen ionized for the tran-

sitions N4þ ! N5þ (dashed black curve) and N5þ ! N6þ

(solid black curve), for a Gaussian laser pulse with a0 ¼ 2,

LFWHM ¼ 14:89k0, and k0 ¼ 0:8lm. The light blue/gray

curve shows the laser field, the blue/up dark gray curve

shows the wakefield potential, the red/lower gray curve

shows the electric field of the wake, and the ionization

degree is shown by the black curve. Tunneling photo-

ionization was considered, and the rate for ionization is

described in Appendix A. For each point, Hs � H is shown

(green/middle gray curve) which depends on the wakefield /.

Trapping occurs for Hs � H > 0. Figure 4 shows that for the

electrons ionized from N4þ ! N5þ, ionization occurs at the

head of the laser pulse, where trapping condition is not satis-

fied. The electrons coming from the outer five electrons of

nitrogen cannot be trapped in the wake. For the inner electrons

N5þ ! N6þ, due to higher ionization potential, ionization has

moved to near the peak of the laser pulse where Hs � H > 0

and electron trapping occurs. The laser intensity is not suffi-

ciently high to cause significant ionization of N6þ ! N7þ.

IV. PARTICLE-IN-CELL SIMULATIONS

The ionization-induced trapping mechanism was exam-

ined with PIC simulations using VLPL code31 with photo-

ionization. As discussed above, we consider a mixed gas of

Hydrogen and Nitrogen. In the simulations, computational

savings were realized by using electrons (instead of hydro-

gen atoms) and neutral nitrogen gas, i.e., the hydrogen was

assumed fully ionized early in the laser-plasma interaction.

As we can see in Appendix B, this kind of approximation is

reasonable, since the hydrogen is ionized very quickly (i.e.,

at low intensity) and far before the laser peak and its ioniza-

tion effect on the wake generation are negligible. The

Ammosov-Delone-Krainov (ADK) tunneling ionization

mechanism32,33 was applied at every simulation step to

check the ionization of the nitrogen ions. Laser energy loss

due to ionization has been neglected since in our typical sim-

ulation it is only about 1:0� 10�6 of the total laser energy.

The density profile of the electrons and nitrogen gas is shown

in Fig. 2. A short region of gas mixture (nitrogen and pre-

ionized hydrogen) near the start of the stage is used for elec-

tron injection, while the remainder of the stage uses pure

(pre-ionized) hydrogen gas (free of trapping for parameters

used). The initial electron density is set to be uniform inside

the plasma, once 5 electrons of the nitrogen are ionized in

FIG. 4. (Color online) Normalized laser vector potential (light blue/gray

curve), wake potential (blue/up dark gray curve), wake electric field (red/

lower gray curve), Hs � H (green/middle gray curve), and degree of ioniza-

tion versus n=kp. The dashed black curve shows the degree of ionization for

N4þ ! N5þ, and the solid black curve shows N5þ ! N6þ. Here, a0 ¼
2:0; LFWHM ¼ 14:89k0 (where k0 is the laser wavelength), and ne ¼ 0:001nc.

FIG. 3. (a) Threshold laser intensity a0 required to trap an electron that was

ionized at a phase wi for a Gaussian laser centered at w ¼ 0 with kpLrms ¼ 1

and cp ¼ 33. (b) Threshold laser intensity a0 required to trap at peak of laser

envelope w ¼ 0 versus laser pulse length kpLrms.
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the mixed gas region. In this way, the density ramp effects

are negligible. This was confirmed by using tagged particles

in the PIC simulations, in which the tags show the trapped

electrons only come from the ionized electrons and no pre-

ionized electrons in the ramp region have been trapped.

A. Maximizing trapped charge

A successful method for injection requires control over

the number of injected electrons and the beam quality. For

ionization-triggered injection, the beam quality and charge

depend on the laser and gas parameters. In this section, we

examine the effect of the length of the mixed gas region. To

exclude the effects due to background plasma density gra-

dients, in these simulations, we fix the total ionized (until the

5th electron of nitrogen, N5þ) electron density to be nH þ
5nN5þ ¼ 0:001nc with nc ¼ 1:7� 1021cm�3, the critical den-

sity for a laser of 800 nm wavelength, and vary the concen-

tration of nitrogen at the mixed region to see the effect on

the injection number. In the following one-dimensional (1D)

simulations, the normalized laser electric field is a0 ¼ 2:0
and the FWHM of the pulse is 14:89T0, where T0 is the laser

period.

Figure 5(a) shows the relation between the injection

number and the length of the mixed gas. Here, the concentra-

tion of nitrogen in the simulations is fixed to be nN=ðnN þ
nHÞ ¼ 1% (red circle curve) or 2% (blue triangle). The

injected number is counted for the electrons which satisfy

H < Hs, where / is numerically calculated from the longitu-

dinal electric field Ex in the PIC simulation. As Fig. 5(a)

shows the injection number increases linearly with mixed

gas length for short lengths. Fig. 5(a) also shows that a peak

charge is reached (Qs), followed by a decease in trapped

charge versus mixed gas length. This is a beam loading

effect. The field generated by the injected electron beam has

canceled the laser generated wakefield and no electrons can

be injected. In addition to saturating the amount of trapped

charge, for longer mixed gas lengths, initially injected elec-

trons are lost. This is due to the large injection volume in

phase space [see inset of Fig. 5(a)]. Ionization injection

allows electrons to be injected into deeply trapped orbits

[e.g., orbit 2 of the inset of Fig. 5(a)]. This modifies the

wakefield via beam loading allowing electrons trapped previ-

ously near the separatrix [e.g., orbit 1 of the inset of Fig.

5(a)] to be lost. Laser evolution may also reduce the wake-

field amplitude and ionization rate. Note that the maximum

trapped number Qs is approximately equal for 1% and 2%

concentration of the nitrogen with other parameters (laser

and total ionized electron density) fixed, also due to the

beam loading effect. The higher the nitrogen concentration

the shorter the linear scaling region. The length of the linear

region is llinear ¼ Qs=jða0ÞaN , where aN is the Nitrogen con-

centration and jða0Þ is the ionization degree. This defines

the slopes shown in the linear injection region in Fig. 5(a).

To avoid loss of trapped charge, one must limit the

length of the mixed gas. Fig. 5(b) shows the injection num-

ber along the laser propagation position. The mixed gas

length here is limited to 1000k0 ¼ 800lm. In this case, the

injection process is terminated and the loss of trapped charge

via beam loading is mitigated.

Although the maximum number of trapped electrons is

reached by setting the length of the mixed gas to be just

before beam loading saturates the charge, as we can see later,

to achieve a high quality injection beam, a shorter mixed gas

length is preferable. The longer the mixed gas region, the

larger the phase difference between the newly ionized and

trapped electrons and earlier trapped electrons. This spread

in injection times broadens the electron beam energy spec-

trum. In addition, operating near the beam loading limit

alters the wakefield, typically resulting in increased energy

spread. The wakefield felt by the later trapped electrons is

different from that felt by the initially trapped electrons

owing to loading of the wakefield. A typical energy spectrum

of an ionization-trapped electron beam with a long mixed

gas length is shown in Fig. 6.

B. Gas length and concentration effect on beam
quality

The mixed gas length has a strong effect on the obtain-

able minimum accelerated beam energy spread. Figure 7

shows the number (blue squares) and energy spread (black

circles) of the injected electrons for different mixed gas

lengths. The laser amplitude is a0 ¼ 2:0, and the nitrogen

concentration is 1%. As seen in Fig. 7, when the gas length

is <1000k0, the injected electron number is almost the same

as the one we calculated from the potential method [cf.

FIG. 5. (Color online) (a) Trapped electron number versus the laser propa-

gation distance (position of the center of the laser pulse) in the mixed gas.

Inset shows the electron orbits in longitudinal phase space: (1) orbits of an

electron trapped near the separatrix (solid line) and (2) a deeply trapped

electron. The laser pulse is represented by a colorful ellipse in the inset. (b)

Trapped number evolution versus laser propagation distance. Here, the

mixed gas length is fixed at 1000k0. Laser-plasma parameters are

a0 ¼ 2:0;LFWHM ¼ 14:89T0, and a uniform plasma density ne ¼ 0:001nc.
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Fig. 5(a)]. However, the beam energy spread is almost 60%

when the mixed gas length is 1000k0 (the mean energy of

the beam is 1 GeV).

The energy spread has an approximately linear relation-

ship with the mixed gas length for the laser-plasma parame-

ters used in the simulation. The beam quality may be

improved by reducing the gas length, but for fixed concentra-

tion, this will reduce the injected charge.

To get higher injection charge and beam quality, the con-

centration effect is studied as well. The trapped charge with a

fixed mixed gas length depends on the nitrogen concentra-

tion. Figure 8 shows the injected electron number and beam

energy spread versus nitrogen concentration, with the mixed

gas length 200k0 (the mean energy of the beam is 1 GeV). As

shown in Fig. 8, when the concentration increases, both the

injection number and energy spread increase. The injection

number increases almost linearly, while the energy spread

increases dramatically after a sufficiently high concentration

(3% here) due to beam loading effects.

Both the concentration and mixed gas length affect the

final beam energy spectrum; however, when the injection num-

ber is far lower than the saturation value Qs, the mixed gas

length effect is more important than the concentration effect.

Figure 9 illustrates this dependence. In Fig. 9, we fix the prod-

uct of concentration and mixed gas length. Since the injection

number is in the linear regime, the final amount of trapped

charge is approximately equal. However, the final beam energy

spread linearly increases with the mixed gas length.

The minimum energy spread can be determined from

the intercept of the curve (gas length tends to 0), which for

this case is about 2.9 MeV on a final beam energy of 1 GeV.

Two typical energy spectrums are shown in Fig. 9(b) corre-

sponding to the two points in Fig. 9(a). A shorter mixed gas

length improves the final beam energy spread. The results

show that a shorter mixed gas length and higher concentra-

tion of mixed gas give a better accelerated beam. However,

the minimum energy spread cannot be further reduced by

shortening the mixed gas length. As we will see in the fol-

lowing, it is determined by the ionization process and can be

improved by laser pulse shaping.

FIG. 7. (Color online) Electron beam energy spread (black circles) and

injected electron number (blue squares) versus the mixed gas length. The

laser-plasma parameters are a0 ¼ 2:0;LFWHM ¼ 14:89T0, and a uniform

plasma density with ne ¼ 0:001nc.

FIG. 8. (Color online) Dependence of energy spread and final electron

injection number on the concentration of nitrogen. Here, the mixed gas

length is 200k0. Laser pulse: a0 ¼ 1:8 and LFWHM ¼ 14:89T0. The uniform

plasma density is ne ¼ 0:001nc.

FIG. 9. (Color online) (a) Dependence of energy spread and final electron

injection number on the mixed gas length. Here, the product of mixed gas

length (unit in k0) and concentration (percentage) is fixed to be 2. (b) Elec-

tron energy spectrum when the mixed gas length is 1000 k0 long (black line)

or 11 k0 long (red/gray line). Laser pulse: a0 ¼ 1:8; LFWHM ¼ 14:89T0, and

the uniform plasma density ne ¼ 0:001nc.

FIG. 6. (Color online) (a) Distribution of electrons in longitudinal phase

space (x-px) and normalized electric field of the wake Ex (arbitrary units).

The color bar represents the relative density in the phase space. (b) Electron

energy spectrum (number versus electron energy Ek) beyond dephasing

length. Laser pulse: a0 ¼ 2:0 and LFWHM ¼ 14:89T0. The uniform plasma

density is ne ¼ 0:001nc with the full length being mixed gas (1% nitrogen).
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C. Laser pulse shape effect on beam quality

To identify the source of the energy spread, we examine

the effects of the ionization phase (ni) on the trapped elec-

trons. Here, ni is the phase at which the electron was initially

born. Figures 10(a) and 10(b) shows the distribution of the

electron longitudinal momenta versus the ionization phase

(ni � nlaserpeak) at times (a) t¼ 800 and (b) t¼ 1600. It shows

that two components contribute to the final energy spectrum:

(1) ionization at a fixed ni occurring throughout the entire

length of the mixed gas region, and (2) the spread in ioniza-

tion phases of the trapped electrons. For the electrons that

have the same value of ni, the trajectory in phase space is the

same. (Here, we assume the beam loading effect is negligi-

ble.) However, due to the different ionization positions (or

time) in the lab frame, the electrons arrive at the peak energy

at different times. This gives the slice energy spread shown

in Fig. 10(a) and is determined by the mixed gas length.

The other energy spread source comes from the distribu-

tion of different ionization phases. Due to the probabilistic

nature of the ionization process (see Appendix A), electrons

ionized at the same position in the plasma can be born at dif-

ferent phases with respect to the laser pulse (and wakefield).

The tunneling ionization rate is maximum at the maximum

electric field of the laser pulse. For a realistic laser pulse

with length� k0, ionization will not be localized to a single

phase peak of the electric field, but will be spread over sev-

eral neighboring phase peaks with comparable values of

electric field amplitudes. This constitutes an intrinsic energy

spread for the ionization injection process. These electrons

will have different trajectories in the phase space, and the

energy gain will be determined by the ionization phase. If

we reduce the length of the mixed gas, the energy spread due

to the first process can be reduced. However, the tunneling

photo-ionization mechanism will still generate an energy

spread. To minimize the energy spread, one can select a gas

composition for which the peak laser intensity is very close

to the ionization threshold of the trapped valence electron in

combination with using an ultrashort laser pulse (i.e., limit

the phase region where ionization is probable).

Another option for reducing the energy spread is to shape

the laser pulse to ionize at preferred phases of the wakefield.

To illustrate the effect of laser pulse shaping, we consider the

case of a skewed laser pulse with temporal profile,

aðtÞ ¼ a0exp � t2

s2

1

1þ bt=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ ðs=2Þ2

q
2
64

3
75; (14)

where b is the skew parameter. For b¼ 0, the pulse profile is

Gaussian with LFWHM ¼
ffiffiffiffiffiffiffiffiffi
2ln2
p

s. In the following simula-

tions, a0 ¼ 1:8 and LFWHM ¼ 14:89T0. Figure 11(a) shows

the transverse field of the laser and the electric field of the

wake for a skewed laser profile with b¼�0.8. For a nega-

tively skewed laser pulse profile, ionization occurs more

deeply into the wakefield where the wake potential is larger.

This reduces the volume of the electrons in phase space and

improves the energy spread. Figure 11(b) shows the electron

energy spectrum produced by positively (b¼ 0.8) and nega-

tively (b¼�0.8) skewed lasers. Here, we compare the spec-

trum at the same maximum electron energy and before the

dephasing length is reached to illustrate the effect of the dis-

tribution in ionization phases. The positively skewed pulse

gives a larger energy spread compared to the negatively

skewed pulse. Note that the example show in Fig. 11 is not

optimized, but illustrates the potential improvements by

using shaped laser pulses. Previously skewed lasers have

been employed to seed the laser self-modulational

instability.34,35

FIG. 11. (Color online) (a) Skewed (b¼�0.8) laser pulse transverse field

(thin black) and excited wakefield (thick blue/dark gray) normalized by

mex0c=e. (b) Electron beam energy spectra using a laser with a positive

(red/gray) and negative skew (black).

FIG. 10. (Color online) Electron momentum distribution versus initial ioni-

zation phase with respect to laser peak ni � nlaserpeak for (a) t ¼ 800T0 and

(b) t ¼ 1600T0.
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D. Transverse emittance from ionization

Small beam transverse emittance is critical to many

applications. In the case of ionization injection, contributing

to the initial transverse emittance is the residual transverse

momentum from the ionization process. Although the ADK

model predicts that the electrons are preferentially ionized at

the peak of the electric field, where the laser vector potential

is zero, the tunneling process allows electrons to be ionized

off-peak at a phase such that the laser vector potential is

non-zero. For a circularly polarized laser pulse, it is always

used to reduce the energy spread of the injected electrons29

due to the lower electric field intensity closed to the ioniza-

tion threshold. However, the laser vector potential is always

nonzero at all ionization positions. The finite vector potential

at the ionization time will result in a finite transverse mo-

mentum after leaving the laser, which will contribute to the

final beam transverse emittance.30 This phenomena has

been demonstrated using 1D-PIC simulations as shown in

Figs. 12(a) and 12(b).

To minimize the effect of electrons obtaining transverse

momentum from being ionized off-peak of the laser electric

field, one could consider tuning the laser parameters and gas

selection to allow for ionization only near the peak intensity

of the laser pulse. Fig. 12(c) shows the final injection number

and transverse momentum of the electrons versus laser inten-

sity. A lower laser intensity gives smaller residual transverse

momentum; however, fewer electrons are trapped. To com-

pensate for this low trapping number, one could increase the

gas concentration to increase the trapping number.

E. Multi-dimensional and laser polarization effects

In this section, we examine multi-dimensional effects

on ionization-induced trapping using two-dimensional PIC

simulations. The multi-dimensional trajectories of the elec-

trons trapped from ionization differ strongly from those

self-injected in the bubble regime without ionization.36,37

Figure 13 shows typical trajectories of electrons trapped via

ionization injection. Note that trapped electron trajectories

move through the interior of the bubble, rather than along

the bubble sheath as in self-injection. The trapped electrons

do not originate within a small transverse region off-axis, as

in the case of self-injection, but from a wide distribution in

the transverse direction. One possible consequence of this is

a wider spectrum of emitted synchrotron radiation.38

We now examine the effect of laser polarization and

consider two cases: laser polarization perpendicular to the

plane of the simulation box (S-polarization or out-of-plane

polarization) and laser polarization parallel in the plane of

the simulation box (P-polarization or in-plane polarization).

The spatial distribution of trapped electrons for S-

polarization and P-polarization are shown in Figs. 14(a) and

14(b), respectively. For the case of S-polarization the elec-

tron distribution exhibits a filamented structure in the simula-

tion plane. Early during acceleration, these filaments

periodically merge and re-form, and then disappear at later

times for high beam energy. For the case of P-polarization,

we do not observe such kinds of structures throughout the

FIG. 12. (Color online) Transverse momentum distribution of trapped elec-

trons using a laser with (a) linear polarization or (b) circular polarization.

The laser-plasma parameters are a0 ¼ 2:0;LFWHM ¼ 14:89T0, and the

plasma density ne ¼ 0:001nc. (c) Number of trapped electrons and (d) trans-

verse momentum (root mean square) versus a0 using a linearly polarized

laser pulse.

FIG. 13. (Color online) Typical trajectories of trapped electrons via ioniza-

tion. Laser-plasma parameters are a0 ¼ 2:0; LFWHM ¼ 14:89T0, focus spot

size WFWHM ¼ 17:66k0, uniform plasma density with ne ¼ 0:001nc, and

mixed gas length l ¼ 20k0. The nitrogen concentration is 1%. Top half

shows t ¼ 80T0 and bottom half shows t ¼ 400T0.

FIG. 14. (Color online) Transverse spatial structure of the accelerated elec-

tron beam using (a) S-polarized laser pulse and (b) P-polarized laser pulse

when t ¼ 120T0. Typical trajectories of trapped electrons for the (c) S-

polarized and (d) P-polarized cases, respectively. Except polarization, other

laser and plasma parameters are the same as in Fig. 13.
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simulation. Typical trapped electron trajectories for the cases

of S-polarization and P-polarization are shown in Figs. 14(c)

and 14(d), respectively. For the case of S-polarization, the

trajectories are undergoing semi-coherent betatron oscilla-

tions in phase with period kb �
ffiffiffiffiffi
2c
p

kp. The energy spread of

the electrons provides for mixing of the betatron oscillations,

eliminating the filaments at later times. For the case of

P-polarization, the electron trajectories are out of phase (pri-

marily incoherent). This is a result of the residual transverse

momentum obtained from the tunneling ionization process.

Correspondingly, the spatial distribution is more uniform

and the transverse momentum spread is larger [cf. Fig. 14(b)].

We think in the 3D geometry the initial beam structure inside

the wake will be an axis asymmetric structure. In the trans-

verse direction parallel to the laser electric field, the beam

will have a Gaussian distribution; however, in the vertical

plane, the beam will have bifurcation structures and later will

be mixed into a Gaussian distribution.

The simulation results show the injected electron num-

ber is similar between the two polarization cases

(9:92� 105=lm for P polarization case and 1:06� 106=lm

for S polarization case). After the laser propagation length of

508lm, the center beam of the P polarization case is

50.2 MeV, which is a little larger than the S polarization

case (48.89 MeV) due to the smaller beam loading effect.

The energy spread in the S polarization case is dEFWHM ¼
1:58 MeV. In the P polarization case, it is dEFWHM

¼ 2:15 MeV. The root-mean-square (rms) energy spread of

the two cases are similar (dErms ¼ 7:71MeV for P polariza-

tion and dErms ¼ 7:38MeV for S polarization). For the circu-

lar polarization case, we use the same laser amplitude

a0 ¼ 2:0 which is used for the transverse momentum spread

comparison with the linear polarization case as we talked

before in Fig. 12. With this intensity, both the ionization

degree and wakefield structure are quite different. The final

injected electron number is 5:91� 106=lm, and the center

energy is 30.35 MeV with an energy spread of dEFWHM ¼
14:04MeV and dErms ¼ 34:17MeV.

We also performed a 1D simulation with these parame-

ters for a linearly polarized laser pulse for comparison. The

results show the final injected electron number is about

1:64� 105=ðlmÞ2. Compared with the 2D simulation

results, this implies that the effective transverse injection

size is about 6:46lm, which is far less than the laser width

14:13lm. The laser amplitude at r? ¼ 3:2lm is a¼ 1.86,

which is far above the threshold for the ionization injection.

The reason for the non-trapping of the electrons ionized

beyond the transverse region is transverse loss. The electrons

ionized there will not only feel the longitudinal acceleration,

but also the transverse forces, and some electrons will trans-

versely pass through the wake and will not be trapped. The

accelerated beam energy is similar in all of the cases. The

1D simulation gives a center energy of 46.65 MeV and an

energy spread of dEFWHM ¼ 2:59MeV.

V. CONCLUSION

We have theoretically examined the ionization injection

process by a single laser pulse in a laser-plasma accelerator.

In order to improve the beam quality and to control the

amount of trapped charge, we considered a short segment of

mixed gas, containing a high-Z gas component (e.g., nitro-

gen), for injection followed by a longer segment of hydrogen

gas for post-acceleration. The effects of gas composition,

mixed gas segment length, and concentration on the final

electron beam quality were studied.

Ionization injection requires that the laser intensity and

gas selection satisfy two criteria. (1) The laser intensity

needs to be sufficiently high in order to generate a suffi-

ciently large wakefield such that if an electron was born at

rest near the peak intensity of the laser pulse, then it would

lie above the wake separatrix and become trapped; (2) An

appropriate high Z gas must be selected such that the ioniza-

tion threshold for an inner shell electron corresponds very

closely to the peak intensity of the laser pulse. Using 1D

theory, it was shown that the minimum laser amplitude

required to trap an electron ionized at the peak of the laser

pulse is amin ’ 1:7, assuming a resonant Gaussian laser pulse

with kpLrms ¼ 1. By using a somewhat longer laser pulse

kpLrms ’ 1:5, or by using a skewed pulse, this threshold can

be reduced to amin ’ 1:5. An appropriate choice of gas for

ionization injection at this laser amplitude (assuming a

0.8 lm laser) is nitrogen, which has an ionization potential

of 552 eV for the N5þ electron.

For fixed laser parameters, the amount of trapped charge

from ionization injection depends on the concentration of the

high Z gas and the length of the mixed gas region. It was

shown that the beam loading effect will limit injection and

also increase the energy spread. To avoid increased energy

spread, it is essential to limit the length of the mixed gas

region as well as the concentration of the high Z gas such

that the total trapped charge is sufficiently below the beam

loading limit. In this regime, the total trapped charge is

determined by the product of the mixed gas length and the

concentration of the high Z gas.

The beam energy spread for cases below the beam load-

ing limit is primarily from two sources: a spread in trapping

times (i.e., different acceleration lengths) and a spread in

injection phases (i.e., different trajectories in phase space).

By proper selection of gas composition or by using laser

pulse shaping, the ionization distribution in the wake phase

space may be controlled and the final energy spread reduced.

A short mixed gas region is essential to reducing the spread

in injection times and minimizing the spread in the accelera-

tion length, and hence, the spread in final energies. The use

of two-stage (injector and accelerator) gas cell can be used

to reduce the initial injection energy spread and reduce rela-

tive energy spread in further by later acceleration. This

scheme has recently been successfully demonstrated by Pol-

lock et al., in which a 460 MeV electron beam with <5%
energy spread is produced.39 The energy spread can also be

reduced by confining ionization to a small region within the

laser pulse. This can be accomplished by selecting a high Z

gas with an ionization potential that corresponds very closely

to the peak laser intensity, in combination with using an

ultrashort laser pulse.

The residual transverse electron momentum following

ionization contributes to the final transverse emittance of the
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acceleration beam. For circular polarization, ionization

occurs at laser phases where both the electric field and the

vector potential are maximum. Hence, the residual transverse

momentum will be maximum u? ’ a0. This will result in a

large transverse momentum.30 For these reasons, circular

polarization should not be used when considering ionization

injection. For linear polarization, the phase peaks in the elec-

tric field correspond to phases at which the vector potential

is zero. Although ionization is maximum at the maximum

electric field, some ionization will occur off-peak, which cor-

responds to the electrons being born at finite values of the

vector potential and results in finite residual transverse

momentum. Operating near the minimum intensity for ioni-

zation can reduce the residual transverse momentum. This

effect, in combination with the transverse ponderomotive

force of the laser, results in electrons injected with finite

transverse momentum. This results in betatron motion and

non-zero emittance. In the plane perpendicular to the laser

polarization, the betatron motion is partially coherent, result-

ing in a filamented structure in phase space. In the plane par-

allel to the laser polarization, the residual transverse

momentum facilitates betatron mixing and a more uniform

structure in phase space.

Particle-in-cell simulations in 2D indicate that ioniza-

tion injection can result in the production of high quality

electron bunches for parameters that can be achieved in the

laboratory in the near term. The example shown in Figs. 13

and 14 assume a laser of amplitude a0 ¼ 2:0, length LFWHM

¼ 39:8 fs, and width WFWHM ¼ 14:13lm interacting with a

mixed gas with length 16lm. For these parameters, ioniza-

tion injection results in the production of an electron bunch

with a center energy of 84 MeV after a propagation length

of 844lm. The beam energy spread is dEFWHM

¼ 1:78 MeV, i.e., a normalized energy spread of

dE=E ’ 2%, which is on the order of that observed in self-

injection5 and colliding pulse16 experiments. The final

injected electron number is 1:05� 106=lm in the 2D slab

geometry of the simulation.

Although in this work we have considered ionization

injection using only a single pulse in detail, other geometries

may be advantageous.23 For example, two or more additional

laser pulses propagating in the transverse direction with suf-

ficient intensity to ionize may be used to trap electrons. In

this geometry, the residual momentum will be in the forward

direction, thereby reducing the transverse emittance. More

complicated geometries using multiple pulses will be the

subject of future work.
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APPENDIX A: TUNNELING PHOTO-IONIZATION

In this Appendix, we review tunneling photo-ionization

physics. The probability of tunneling ionization with an ini-

tial energy (�) is given by33,40

wð�Þ � exp � 2

3

k0

kC

a3c3
K

Ek

jEðsÞj þ
c3

K�

�hx

� �� �
; (A1)

where EðsÞ is the field of the laser, Ek ¼ mec2k0=e, cK ¼
ðUi=2UpÞ1=2 ¼ ðaf=aÞðUi=UHÞ1=2

is the Keldysh parameter,

with UH ¼ 13:6 eV the ionization potential of Hydrogen, Ui

is the ionization potential, Up ¼ mec2a2=4 is the laser pon-

deromotive potential, af ¼ e2=�hc ’ 1=137 is the fine struc-

ture constant, and kC ¼ h=mec ¼ 2:4263� 10�10 cm is the

Compton wavelength. In the high-field limit (long wave-

length regime) cK < 1, tunneling ionization is dominant. In

Eq. (A1), we have omitted the initial momentum along the

laser transportation direction which is far less than the one

along the laser polarization direction.33 The form for the

algebraic terms prior to the exponential in Eq. (A1) used in

this paper is determined from the time-averaged AC tunnel-

ing ionization rate.41 A comparison of the DC and AC tun-

neling ionization rates will be the subject of a future

publication.

Note that Eq. (A1) indicates that the electrons will be

mainly ionized at the peak of the laser electric field. This

corresponds to a minimum of the laser vector potential, i.e.,

E ¼ �c�1@tA. Because transverse canonical momentum will

be approximately conserved, p? ’ eA?mc, the electrons ion-

ized at the peak of the laser field have zero transverse mo-

mentum upon exiting the laser, allowing them to be trapped

in the longitudinal field of the plasma wave. Electrons ion-

ized off-peak of the laser electric field exit the laser with a

residual transverse momentum. As shown in Sec. IV D, this

residual transverse momentum contributes to the transverse

emittance.

As we can see from Eq. (A1), the initial energy

spread of the electrons ionized by the laser field is about

dEi ’ 3�hx=2c3
K . In our case, if we use the Keldysh

parameter near the ionization point (a � 1:5) for N5þ

ions, this gives dEi ’ 0:433mec2. This will add another

intrinsic quantum energy spread and transverse emit-

tance to the final accelerated beam. The precise results

can be obtained by solving the time-dependent

Schrödinger equation to get the correct ionization distri-

bution; however, this was not done in the current PIC

simulations due to the computational cost and time. For

the outer 5 electrons of nitrogen, dEi � keV� mec2,

which is negligible and has been omitted in PIC simula-

tion as well.

Figure 15 shows the spatial distribution of the ioniza-

tion rate versus the laser vector potential and the position

along the laser pulse. Here, we consider ionization such

that N5þ ! N6þ, normalized laser intensity a0 ¼ 2:0, and

length of LFWHM ¼ 14:89T0. Note that for nitrogen, the

ionization potentials for N4þ;N5þ;N6þ, and N7þ, are

77.472 eV, 97.888 eV, 552.057 eV, and 667.029 eV,

respectively.
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APPENDIX B: WAKEFIELD EXCITATION DURING
PLASMA IONIZATION

In this appendix, we examine the effect of ionization on

plasma wave excitation. Assuming the quasi-static approxi-

mation, the one-dimensional, cold plasma electron fluid has

the following evolution equations:

@n½neð1� bxÞ� ¼ @nni; (B1)

@n½u? � a?� ¼
�u?

neð1� bxÞ
@nni; (B2)

bx@nux þ b?@na? � @nðux þ /Þ ¼ ux

ne
@nni; (B3)

for the plasma density, transverse fluid momentum, and axial

fluid momentum, respectively. Here, we assume fixed ions

created via laser ionization and n ¼ x� ct is the co-moving

variable. We will assume electrons are initially at rest upon

ionization uðniÞ ¼ 0, where ni is the ionization position in

the laser. We will also assume instantaneous creation of

photo-ionized electron-ion pairs,

ni ¼ Hðn� niÞn0; (B4)

such that @nni ¼ dðn� niÞn0. With this boundary condition

and the initially cold electron plasma assumption, the equa-

tions of motion Eqs. (B1)–(B3) can be integrated to yield the

constants of motion,

c� ux � / ¼ 1� /ðniÞ; (B5)

u? ¼ a? � a?ðniÞ; (B6)

ne � ni � nebx ¼ 0: (B7)

Note that, if the assumption of instantaneous ionization

Eq. (B4) or the initially cold assumption uðniÞ ¼ 0 is

relaxed, then Eqs. (B5) and (B6) contain additional terms

from the integration of Eqs. (B2) and (B3). Combining the

constants of motion Eqs. (B5)–(B7) yields the equation of

the electron density,

ne

ni
¼ ð1� bxÞ�1 ¼ 1þ ½a? � a?ðniÞ�2 þ ½1� /ðniÞ � /�2

2½1� /ðniÞ � /�2
:

(B8)

For simplicity, consider two species: one ionized at the head

of the laser with ion density ni1 ¼ an0 and one ionized at ni

with ion density concentration ni2 ¼ ð1� aÞHðn� niÞn0.

Here a < 1, such that the electron plasma density following

the laser is n0. Using the Poisson equation, the evolution of

the quasi-static laser-driven plasma wave is given by

k�2
p0

@2/

@n2
¼ ni1

n0

ne1

ni1
� 1

� �
þ ni2

n0

ne2

ni2
� 1

� �

¼ a
2

1þ a2
?

ð1þ /Þ2
� 1

" #

þ Hðn� niÞ
ð1� aÞ

2

1þ a2
?

ð1� /ðniÞ þ /Þ2
� 1

" #
;

(B9)

where it is assumed the electrons are born at a phase peak of

the laser electric field, i.e., a?ðniÞ ¼ 0. The above wave

equation may be used for the investigation of the wakefield

modification in a high-Z gas undergoing ionization.

Figure 16 illustrates the ionization effect on the wake-

field generation. To avoid the electron beam loading effect

on the wakefield, according to Fig. 12(c), we use the laser

intensity of a0 ¼ 1:6 here. The red/gray solid line shows the

wakefield when pure pre-ionized electrons are used

(a ¼ 1:0). The green/gray dashed-dot line corresponds to

a ¼ 0:95; ni � nLpeak ¼ 0:0, where nLpeak represents the posi-

tion of the laser peak. The black dashed-dot line, which

almost overlaps with the red/gray solid line, corresponds to

a ¼ 0:95; ni � nLpeak ¼ 1:0kp. The black solid line corre-

sponds to a ¼ 0:95; ni � nLpeak ¼ �1:0kp. The blue/dark

gray solid line corresponds to a ¼ 0:50; ni � nLpeak ¼ 0:0kp.

From these lines, we see for the current calculation parame-

ters, when the ionization position is before the laser envelope

peak, the ionization effect on the wake generation is very

weak even when the ionized electron concentration is 5%.

However, the ionization effect is obvious once the ionization

position is at or behind the laser envelope peak. Note that the

ionization for hydrogen (at laser intensity �1014 W/cm2) is

FIG. 16. (Color online) Ionization effect on wakefield generation. The light

blue/gray line shows the normalized laser electric field. The other lines show

the wakefield intensity (Ex � 60, see text). The normalized laser intensity

a0 ¼ 1:6 and length of LFWHM ¼ 14:89T0 are considered. The total electron

density is ne ¼ 0:001nc.

FIG. 15. (Color online) Distribution of ionization rate in the space of the

laser vector potential and the position along the laser pulse. Here, the ioniza-

tion N5þ ! N6þ and normalized laser intensity a0 ¼ 2:0 and length of

LFWHM ¼ 14:89T0 are considered.
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far in front of the laser peak, and the effect on wake genera-

tion is negligible. In our previous examples, ionization of

nitrogen mainly happens before the laser peak (see Fig. 4)

and the later ionized electron concentration is around 5%;

hence, the ionization effect on the wakefield generation is

also negligible. However, when the concentration increases

further, the ionization effect appears as shown by the blue/

dark gray solid line in Fig. 16. The second bucket has been

moved back compared with the low concentration case.

From our calculation results, we see generally the wakefield

structure is more sensitive on the ionization position than the

concentration of the later ionized electrons once a > 0:75.
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